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Abstract

Inspired by recent interest in torsion of the central pair microtubules in eukaryotic flagella, a novel thin-walled elastic beam model is
suggested to study critical condition under which uniform bending of a flagellum will cause lateral/torsional buckling of the central pair.
The model is directed to the central pair itself and the role of all surrounding cross-linkings inside the flagellum is modeled as an equiv-
alent surrounding elastic medium. The model predicts that bending-driven torsion of the central pair does occur when the radius of cur-
vature of the bent flagellum reduces to a moderate critical value typically of tens of microns. In particular, this critical value is almost
independent of the flagellum length, and more sensitive to the parameters defining the surrounding elastic medium than the shear mod-
ulus of microtubules. The predicted wavelengths of the torsional buckling mode are insensitive to the flagellum length and comparable to
some known related experimental data. These results indicate that torsion of the central pair microtubules in flagella is inevitable as a
result of bending-driven lateral buckling. This offers an entirely new insight into the ongoing research on the mechanism of the central
pair torsion.
� 2006 Elsevier Inc. All rights reserved.
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Cells can move with respect to their environment such as
a fluid medium. A common propulsion mechanism for cell
movement employs flagella (Latin plural for whip) [1–5].
Flagella are long whip-like organelles extending from the
cell’s body, and have a typical length of about 10 l,
although examples of ten times of this length are known.
A cell typically has one or two flagella, which are encased
into the cell’s membrane so that the interior of a flagellum
is accessible to the cell’s cytoplasm. Flagella are motile and
wiggle to move the cell. Some cells bend their flagella to
produce a wavelike motion, whereas others rotate them
in a manner similar to a ship’s propeller. Torque and thrust
generated by flagella can propel a cell at up to a few tens of
microns per second [1–5].

In spite of a wide variety of eukaryotic cells, eukaryotic
flagella consist of a unique common core structure, called
0006-291X/$ - see front matter � 2006 Elsevier Inc. All rights reserved.

doi:10.1016/j.bbrc.2006.10.019

* Corresponding author. Fax: +1 780 492 2200.
E-mail address: c.ru@ualberta.ca (C.Q. Ru).
‘‘9 + 2’’ axoneme, that is about 200 nm in diameter [1,2]
and contains nine outer doublet microtubules, equally
spaced in a circle, and two bridged central pair of microtu-
bules apart by a small distance of a few nanometers [1–5],
as shown in Fig. 1. Each of the outer doublets is made up
of a complete microtubule (called ‘‘A tubule’’) clutched by
another incomplete microtubule (called ‘‘B tubule’’), while
the central pair microtubules are both complete. Extending
from the outer doublets are sets of motor protein (called
‘‘dynein’’ arms) and nexin links that provide circumferen-
tial bridge to hold outer doublets together, and projecting
inward are radial spokes that connect with a sheath enclos-
ing the central pair microtubules. Here, it should be men-
tioned that structurally similar to flagella are cilia (Latin
plural for eyelash), although cilia are much shorter than
flagella in length and can be so numerous to cover the
entire surface of a cell and wave like tall grass in the wind,
creating currents in its fluid environment [1–5]. In addition
to their obvious role in cellular motility, the flagellum and
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Fig. 1. The ‘‘9 + 2’’ axoneme of flagella and cilia.

Fig. 2. The central pair microtubules modeled as a single elastic beam.
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cilium are believed to be also vital organelles in sensation
and signal transduction across a wide variety of cell types.

Mechanical behavior of flagella, especially rod-like
bending deformation of flagella and their hydrodynamic
interaction with a surrounding fluid medium, is crucial
for their biological functions. It is now widely accepted that
bending and motility of flagella are generated by the dyne-
in-driven sliding between doublet microtubules [1,2]. So,
sliding-bending mechanics of flagella [6–13], and related
hydrodynamics of flagella in a fluid medium [4,14–20] have
been the focus of numerous earlier and recent experimental
and theoretical researches. More recently, a relevant issue
which has attracted considerable attention is bending-driv-
en torsion of the central pair microtubules with respect to
the outer doublets [21–28]. The exact mechanism and func-
tions of torsion of the central pair are not yet fully under-
stood. Since the central pair is believed to play a vital role
in regulation of flagella motion [29,30], it is relevant to
study the mechanism responsible for torsion of the central
pair microtubules in eukaryotic flagella.

Inspired by the structural characteristics of the central
pair, and the similarity between bending-induced torsion
of the central pair and the lateral/torsional buckling of
thin-walled elastic beams under bending [31–34], the pres-
ent paper aims to study whether or not a reasonable bend-
ing of a flagellum could cause lateral/torsional buckling of
the central pair. This problem is interesting especially in
view of the fact that the central pair, as modeled as a single
elastic beam, has a lower torsional rigidity. The justifica-
tions and details of the suggested elastic beam model will
be given in second section. The model is used in third sec-
tion to examine the critical bending and the wavelength of
torsional buckling mode when the flagellum is bent in the
principal plane of the central pair’s cross-section of the
maximum bending rigidity. Finally, the results obtained
are summarized in fourth section. As will be seen below,
for the first time in the literature, the present model shows
that torsion of the central pair will occur inevitably, as a
result of bending-driven lateral buckling, when a flagellum
is bent and the bending exceeds a moderate critical value.

Basic parameters of the central pair and the surrounding
elastic medium

The central pair of flagella is composed of two complete
single microtubules, as shown in Fig. 1, surrounded by
associated links and organelles. The present study focuses
on structural behavior of the central pair itself, and the
effects of all surrounding links and organelles inside the fla-
gellum will be modeled approximately by an equivalent
surrounding elastic medium, defined by two spring con-
stants for transverse deflections of the central pair and
one spring constant for torsion of the cross-section of the
central pair.

As a whole, the central pair of microtubules, including
the bridge linking the two microtubules, will be described
as a single elastic beam of thin-walled cross-section.
Assume that the two microtubules of the central pair are
initially parallel to each other. Thus, the coordinate system
is centered at the centroid of the central pair’s cross-sec-
tion, as shown in Fig. 2, where the x-axis is along the axial
direction of the flagellum, and the y- and z-axes are along
two mutually perpendicular principal directions of the
cross-section, of maximum and minimum bending rigidi-
ties, respectively.

Let us now calculate bending rigidities EIyy and EIzz

(Iyz = 0 due to the symmetry of the cross-section), where
E is the longitudinal elastic modulus of microtubules
[35–40]. Following the literature, the cross-section of a
single microtubule will be treated as an equivalent circular
annular shape, with an equivalent thickness h � 3 nm (see
e.g., [37,39]). Thus, all moments of inertia of the cross-
section are defined based on such a thickness h � 3 nm.
In addition, because the bridging linking the two
microtubules has a much lower elastic modulus than the
longitudinal modulus E, the contribution of the bridging
to bending rigidities can be neglected. Thus, EIzz ¼
2E pðR4

o�R4
i Þ

4
� 5:60� 10�23 N m2, where, we have assumed
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that the medium radius rm of a single microtubule is
11.5 nm, and the outer radius R0 = 13 nm and the inner
radius Ri = 10 nm. Similarly, because the distance between
the centers of the two microtubules is 2a � 34 nm [9] (see
Fig. 2), the bending rigidity EIyy is obtained by the paral-
lel-axis formula, which gives

EIyy ¼ 2E
pðR4

o � R4
i Þ

4
þ pðR2

o � R2
i Þa2

� �

� 3:0� 10�22 N m2:

On the other hand, torsional rigidity of the central pair,
GJ, is proportional to shear modulus G of microtubules
[41,42]. Because shear modulus G is more than two orders
of magnitude lower than the longitudinal Young’s modulus
E, it is expected that microtubules and the central pair have
lower torsional rigidities. In particular, the actual value of
G is unknown in the literature. Here, following [43,44], we
assume that G is about 104–106 Pa or G/E = 10�5–10�3.
Thus neglecting the contribution of the bridging to torsion-
al rigidity, torsional rigidity of the central pair will be given
roughly by twice the torsional rigidity of a single microtu-
bule. Thus, GJ ¼ 2GJ o ¼ 2G pðR4

o�R4
i Þ

2
, where G is the shear

modulus of microtubules [41,42] and Jo is the torsional
constant of a single microtubule. Thus, taking
E = 1.9 GPa [44], the values of EIyy and EIzz, and the range
of the torsional rigidity GJ are given in Table 1.

The central pair is surrounded by mixed cytoplasm fluid
and flagellar links. The modulus of cytoplasm fluid is
around 102–105 Pa [45], while the moduli of flagellar links
are around 104–106 Pa [35]. Therefore, the equivalent mod-
ulus E0 of the surrounding elastic medium can be bounded
reasonably by 103 < E0 < 106 Pa. Furthermore, because the
ratio of the wavelength to the diameter of the central pair is
about between 1 and 500, it is expected (see Fig. 1 of [46] or
[47]) that the spring constant Ky, defined by the reaction
force (per unit axial length of the central pair) against the
deflection of the central pair in the y-direction, can be esti-
mated by Ky = (10�2–1)E0. In addition, the spring constant
Ky can be assumed to be approximately twice Kz, then
Table 1
Parameters used in the present paper for the cross-section of the central
pair and the equivalent surrounding elastic medium

Parameters Value Reference

rm 11.5 nm [9]
a 17 nm [9]
E 1.9 GPa [44], present paper
E0 103–106 Pa [35,45], present paper
Ky (10�2–1)E0 [46], present paper
Kz 0.5Ky Present paper
K/ 2Kya2 Present paper
G/E 10�5–10�3 [43,44], present paper
EIyy 3.00 · 10�22 N m2 Present paper
EIzz 5.60 · 10�23 N m2 Present paper
GJ 10�27–10�25 N m2 Present paper
h 3 nm [37,39], present paper
H 60 nm [9]
Kz = 0.5Ky. Finally, because the distance between the cen-
ters of the two microtubules is about 2a = 34 nm, simple
calculation shows that the spring constant K/, defined by
the reaction moment against the rotation of the central
pair, can be given approximately by K/ = 2Kya2. The
values of all these parameters, used in the present paper
for the surrounding elastic medium, are summarized in
Table 1.

Lateral buckling of the central pair bent in the plane of

maximum bending rigidity

First, let us consider torsional/lateral buckling of the
central pair when the flagellum is uniformly bent in the
x–z plane. Under such a uniform bending, the pre-buckling
deflection of the central pair, w0 (x), is a quadratic function
of x and thus EIyyw000ðxÞ is a constant equal to the moment
Myy acting on the central pair prior to buckling
(Myy ¼ EIyyw000ðxÞÞ. Let that y-directional buckling deflec-
tion of the central pair be v(x), and buckling torsion of
the cross-section of the central pair about the x-axis be /
(x). Thus, the reaction force and torque, acting on the cen-
tral pair due to the surroundings, are Kyv(x) and K//(x),
respectively, and lateral buckling of the central pair under
the uniform bending Myy is governed by [31–34]

EIzz
d4vðxÞ

dx4
�Myy

d2/ðxÞ
dx2

þ KyvðxÞ ¼ 0 ð1Þ

� GJ
d2/ðxÞ

dx2
�Myy

d2vðxÞ
dx2

þ K//ðxÞ ¼ 0 ð2Þ

Assume that the central pair is hinged at its two ends and
thus

vðxÞ ¼ A sin
mpx

L
; /ðxÞ ¼ B sin

mpx
L

ð3Þ

where L is the length of the flagellum, A and B are two real
numbers, and integer m is the half-wave number of buck-
ling mode. Thus, substituting (3) into (1, 2) gives

A EIzz
mp
L

� �4

þ Ky

� �
¼Myyð�BÞ mp

L

� �2

ð4Þ

B GJ
mp
L

� �2

þ K/

� �
¼Myyð�AÞ mp

L

� �2

ð5Þ

The condition for existence of a non-zero- solution (A, B)
gives

GJ
mp
L

� �2

þ K/

� �
EIzz

mp
L

� �4

þ Ky

� �
¼ M2

yy

mp
L

� �4

ð6Þ

The critical value of Myy, for lateral buckling of the central
pair, is determined by the lowest Myy with respect to the
integer m, and the buckling mode is determined by the
associated integer m*, at which the lowest Myy is obtained,
and the associated ratio A/B. In particular, if the surround-
ing elastic medium is absent and then Ky = 0 and K/ = 0,
the lowest value of Myy is p

L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GJEIzz
p

with m* = 1 [31].
The critical value of bending, given in terms of the ratio

of the flagellum length to the radius of curvature of the
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bent flagellum (Lw000ðxÞ), and the associated buckling mode,
given in terms of the ratio of the buckling half-wavelength
to the height of the central pair, are shown in Figs. 3 and 4,
respectively, as a function of the length L of the flagellum.
Here, it is stated that the (lowest) critical value for lateral
buckling is associated with discontinuous mode-number
(integer) m when the length L increases. This is responsible
for the non-smoothness of the curves given in these figures
for smaller lengths. This phenomenon is common in elastic
buckling problems [31,32].

First, it is seen from Fig. 3 that for sufficiently long fla-
gella (say, L > 50H = 3 lm), the critical value of the ratio
(

Myy L
EIyy

) is directly proportional to L/H, which implies that
the critical value of the moment Myy, or the critical value
of the radius of curvature of the bent flagellum
w000ðxÞ ¼

Myy

EIyy
, is independent of the length L. It should be

stated that this conclusion essentially lies on the presence
of the surrounding elastic medium. In fact, as stated above,
in the absence of the surrounding elastic medium (Ky = 0
and K/ = 0), the critical value of Myy for lateral buckling
is inversely proportional to the length L. This can also be
seen from the curve for E0 = 103 Pa in Fig. 3(a), where
0E =106

0E =105

0E =104Pa 

0E =103

HL /

yy
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EI

LM

a b

c d
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Fig. 3. Critical value for lateral buckling of the central pair under moment M

G/E = 10�5 and Ky = 0.01E0, (d) G/E = 10�5 and Ky = E0, where
Myy L
EIyy

represe
flagellum.
the surrounding medium is extremely weak and, as a result,
the critical value of (

Myy L
EIyy

) is almost independent of the
length L within the range L/H < 50.

Another conclusion drawn from Fig. 3 is that the critical
value for lateral buckling of the central pair is sensitive to
the parameters defining the surrounding medium, but less
sensitive to the shear modulus G of microtubules. Indeed,
comparing Fig. 3(a) and (b) with Fig. 3(c) and (d) indicates
that an increase of shear modulus G from 10�5E to 10�3E

does not substantially change the critical value for lateral
buckling. For example, for E0 = 105 Pa and Ky = 0.01E0,
it is seen from Fig. 3(a) and (c) that the critical radius of
curvature is 50 lm for G = 10�5E, and 30 lm for
G = 10�3E. For E0 = 104 Pa and Ky = E0, it is seen from
Fig. 3(b) and (d) that the critical radius of curvature is
15 lm for G = 10�5E, and 12 lm for G = 10�3E.

As one major conclusion for the buckling wavelength, it
is seen from Fig. 4 that for sufficiently long flagella (say,
L > 200H = 12 lm), the wavelength of the buckling mode
is insensitive to the length L. It should be stressed that this
conclusion essentially lies on the presence of the surround-
ing elastic medium. In fact, as stated above, in the absence
yy
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nts the ratio of the flagellum length to the radius of curvature of the bent
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Fig. 4. The ratio of the buckling half-wavelength to the height H of the central pair for (a) G/E = 10�3 and Ky = 0.01E0, (b) G/E = 10�3 and Ky = E0, (c)
G/E = 10�5 and Ky = 0.01E0, (d) G/E = 10�5 and Ky = E0.
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of the surrounding elastic medium (Ky = 0 and K/ = 0), the
half-wave number m* = 1, and thus the half-wavelength of
the buckling mode is equal to the flagellum length L. This
can also be seen from the curve for E0 = 103 Pa in Fig. 4(a),
where the surrounding medium is extremely weak and, as a
result, the half-wavelength L/(m*H) linearly increases with
the length L within the range L/H < 100.

The wavelength of buckling mode for sufficiently long
flagella can be estimated from Fig. 4. In particular, the
buckling wavelength is sensitive to the parameters defining
the surrounding medium, but less sensitive to the shear
modulus G of microtubules. For example, when E0 = 103

Pa and Ky = E0, it is seen from Fig. 4(b) and (d) that the
buckling wavelength is 1.2 lm for G = 10�5E, and 2.4 lm
for G = 10�3E. On the other hand, for E0 = 104 Pa and
Ky = 0.01E0, it is seen from Fig. 4(a) and (c) that the wave-
length is 2.4 lm for G = 10�5E and 4.8 lm for G = 10�3E.
We noticed that these predicted wavelengths are compara-
ble to related wavelengths (7–10 l) observed previously
[21–28].

In concluding our discussion, it should be stated that the
present model is subjected to several limitations. First, the
buckling analysis conducted in the paper is limited to static
pure bending, although actual bending of flagella is always
dynamic in nature and characterized by time-dependent
and spacially non-uniform bending moment. Next, the
present analysis is restricted to linearized small deflections
of the flagellum and small rotations of the central pair. The
dynamic and geometrically nonlinear effects on bending-
driven torsional buckling of the central pair constitute a
few interesting topics for further research.

Conclusions

A thin-walled elastic beam model is suggested to study
why the central pair microtubules of eukaryotic flagella
twists under bending. The results show that torsion of
the central pair will occur inevitably, as a result of bend-
ing-driven lateral buckling of the central pair, especially
when the flagellum is bent in the plane of the central pair’s
cross-section of the maximum bending rigidity. In this case,
the critical curvature of bent flagellum for lateral buckling
of the central pair is reasonably small and falls within a
range of practical significance for flagellar motility. In par-
ticular, for a wide range of estimated parameters, the wave-
lengths of the buckling mode predicted by the present
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model are about a few microns and comparable to some
known related experimental data. It is believed that the
present paper identifies an important driving force for
bending-driven torsion of the central pair, which has
apparently not been uncovered in all previous related
researches.
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